In this paper we continue the investigations present in [1]-[3]. In particular, we extend the theorem proved in [3] to any massless excitation in a given spherical box. As a first interesting result, we show that it is possible, contrary to the black hole case studied in detail in [1, 2, 3] , to build macroscopic configurations with a dark energy equation of state. To this purpose, by requiring a stable configuration, a macroscopic dark fluid is obtained with an internal energy U scaling as the volume V , but with a fundamental correction looking like ∼ 1/R motivated by quantum fluctuations. Thanks to the proposition in section 3 (and in [3] for gravitons), one can depict the dark energy in terms of massless excitations with a discrete spectrum. This fact open the possibility to test a possible physical mechanism converting usual radiation into dark energy in a macroscopic configuration, also in a cosmological context. In fact, for example, in a Friedmann flat universe with a cosmological constant particles are marginally trapped at the Hubble horizon for any given comoving observer. * viaggiu@axp.mat.uniroma2.it and s.viaggiu@unimarconi.it 1
Introduction
At present time, no wideley accepted theory depicting gravity in a quantum regime is at our disposal. In particular, what is missing is the presence of some phenomenological (Planckian) experimental fact leading the researchers to a physically and mathematically sound formulation of a quantum gravity theory. The study of free electromagnetic waves has played a fundamental role for the quantization of the free electromagnetic field. In particular, the Planck formula for the radiation within a black body cavity, where photons are absorbed and emitted, has marked the born of quantum mechanics. A particle (electron as an example) propagating in a region of the order of its de Broglie wavelength can manifest quantum effects. In a similar way, since massless excitations provided by gravitons are widely believed to be the quanta of the gravitational field, it is expected that the study of gravitational waves propagating in a finite size region can provide informations on possible manifestations of the quantum nature of the gravity. Moreover, the discovery [4] that black holes emit a strictly thermal radiation and are equipped with a non-vanishing entropy [5] proportional to their proper area has represented a cornerstone for a possible formulation of a quantum gravity theory. In particular, the features of gravitons, the search of the physical nature of the black hole entropy and the related logarithmic corrections represent still open issues (see for example [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] ).
Motivated by the reasonings above, in [1] we have attempted to explain the degrees of freedom due to the non-vanishing black hole entropy in terms of trapped gravitons inside the event horizon. The discrete spectrum is obtained by applying Dirichelet boundary conditions to a trapped gravitational radiation. As a result, a statistical interpretation for the black hole entropy can be obtained and after introducing some reasonings concerning a quantum spacetime [30, 31] and the related spacetime uncertainty relations [30, 32, 33] , corrections to the area law can arise [2] by introducing at hand procedures. In both papers, gravitons satisfy a radiation equation of state. It is thus necessary to build a more physically sound procedure to obtain the black hole entropy corrections that are expected in a full quantum gravity (Planckian) regime. One can think that finite size effects due to the confinement procedure can change the equation of state of the trapped gravitons thus generating a γ-linear equation of state for the pressure P and the energy density ρ (i.e. P = γρc 2 , with γ ∈ R). To this purpose, in [3] a theorem has been proved where the spectrum of frequencies ω suitable for a γ-linear equation of state has been obtained. Quite remarkable, the modified equation of state for the trapped gravitons generates the well known logarithmic corrections, without assuming a particular quantum gravity proposal theory (loop, string...). Moreover, in [3] it has been shown that black holes with the interior filled with dark energy can be obtained only at microscopic Planckian size.
It can be argumented that, although gravitons can be trapped inside an event horizon of a black hole, the trapping procedure in a more usual box (see [1] and references therein) is not a simple task. To this purpose, we extend the treatment present in [3] to generic massless excitations that can be confined in a usual box. In particular, in order to give a physically sound statistical description of dark energy, we are mainly interested to build macroscopic dark energy configurations.
In section 2 we present some statistical preliminaries. In section 3 we extend the results of [3] to generic massless excitations. In section 4 we study the dark energy case, while in section 5 the black hole case is analysed. In section 6 we compare our modeling with other ones present in the literature in an astrophysical context. Section 7 is devoted to conclusions and final considerations.
Preliminaries: statistical mechanics of massless particles
In [1] we have shown that a suitable expression for the discrete spectrum for the allowed frequencies of the trapped gravitons in a spherical box of radial radius R is given by:
where {ℓ} is the integer Legendre index with ℓ ≥ 2, n is an integer quantum number and c denotes the speed of the light. Note the behavior ∼ 1 R in (1): in [1] we have shown that such a behavior for ω does imply a radiation equation of state (γ = 1 3 ). In the following section we show that in a more general context, the behavior ω ∼ 1 R is a necessary and sufficient condition to have a radiation field.
To start with, consider the case of a radiation field in a cubic box of proper size L. As well known, after taking the vector field A with A ∼ e ı(k.x−ωt) , where '.' denotes the scalar product, x Cartesian coordiantes and t the time coordinate, for the wave vector k we have k = 2π L (n 1 , n 2 , n 3 ) with {n i } ∈ Z. Hence, if we consider a radiation made of massless excitations on a spherical box of radial radius R, for the angular frequency ω and the energy E 0 we can write:
with a ∈ R + left unspecified. As usual [1] , we can consider an ensemble of N massless excitations. The partition function Z T is given by
where β = 1 K B T , K B denotes the Boltzmann constant and T the thermodynamical temperature. For the free energy F T we have F T = −K B T ln(Z T ) and thus for the internal energy U (0) = −(ln(Z T )) ,β we obtain:
After using the thermodynamical volume V [34] as V = 3 , for the pressure P (0) we obtain
3 , suitable for a radiation field. As customary [35] , in a general relativistic classical context, we may think to a spherical box with radial radius R with interior metric in the usual coordinates (t, r, θ, φ) given by
where E/c 2 denotes the mass-energy of the radiation inside:
The matching condition ensuring the continuity of the first fundamental form at r = R requires M = E(R)/c 2 . The continuity of the second fundamental form, if required, avoids a boundary surface layer at r = R. Note that in this way M is the ADM mass (total energy) of the spacetime. As well known, the proper mass M p is given by M p = 4πc 2 R 0 ρ(r)dV (3) , where V (3) is the proper volume inside the spherical mass-energy distribution, with U B = (M p − M )c 2 > 0 denoting the binding energy. As a result of these considerations, in a thermodynamical context we identify the ADM (not the proper one M p ) mass-energy E(R) = M c 2 with the internal energy of the spherical configuration, i.e. U = M c 2 . This is in agreement with the interpretation of the internal energy as the energy necessary to create a given system (see for example [1] ). Hence, in the following sections, to obtain a suitable expression for the internal energy U , we integrate the mass-energy density ρ over the 'thermodynamical' (see [34] in a cosmological context) volume element 4πr 2 dr rather than over the proper one dV (3) .
Massless excitations with a linear equation of state
In the section above we have shown that angular frequencies looking like ∼ 1 R lead to a radiation field with P V = U 3 . In this section we show that, using a very similar version of the proposition in [3] , this does happen in a more general context. To start with, consider N generic massless excitations enclosed in a spherical box of proper areal radius R with angular frequency ω 0 :
For the internal energy U 0 we obtain U 0 = φ(R). After using the usual relations F 0T = −K B T ln(Z 0T ) and
with Z (0)T = e − βφ and V = 4πR 3 /3, we obtain
After imposing the constraint
3 we have:
with the general solution φ(R) = k R , k ∈ R + . Hence, a necessary and sufficient condition to have a free radiation field in a spherical box is that the quanta must oscillate at frequencies proportional to 1/R.
As shown in [1] , a massless field made of gravitons (1) can explain the BH entropy formula. However, as well known, logarithmic corrections to the BH formula are expected. To obtain these corrections, taking the radiation equation of state (1) held fixed, one can adopt euristic [2] arguments dictated by statistical fluctuations.
A more rigorous way to obtain logarithmic corrections is to modify the formula (1), i.e. to suppose that quantum effects due to the finiteness of the areal radius R can modify the radiation equation of state in a γ linear one P V = γU . As a consequence, logarithmic corrections to the BH entropy do arise. Moreover, in [3] we have shown that, in particular, dark energy-like configurarions for a BH are only possible at Planckian scales, and as a result macroscopic black holes with an interior made of dark energy-like gravitons are forbidden. It is thus interesting to ask if macroscopic configurations (different from the black hole ones) can be obtained with a dark-energy like equation of state. This is a fundamental task in order to explain the dark energy in the form of the cosmological constant Λ from a quantum-statistical point of view, i.e. in order to explain the physical nature of the dark energy. To start with, we easily extend the theorem [3] for any massless excitation:
Proposition: Let ω 0 , given by the (2), denote the angular frequency of a radiation field composed of N massless excitations enclosed in a spherical box of proper areal radius R, then the ones with angular frequency ω = ω 0 + Φ(R) N and given internal energy U (R) have a linear equation of state P V = γU if and only if the function φ(R) N satisfies the following equation
together with the condition
Proof. We have
with U (0) given by (4): condition (12) is thus a consequence of the fact that from (4) we have U (0) > 0. Instead of the (9) we have
and the (11) holds after imposing P V = γU .
Equation (11) implies that for a radiation field with γ = 1 3 , we have ω ∼ 1 R , as depicted by equation (10) that obviously is nothing else but the homogeneous part of the (11) . From the calculations above it follows that the proved theorem must hold starting from any radition field (gravitons, photons..) trapped in a certain finite spherical box. The starting ingredient is the behavior ω (0) ∼ 1 R . Also note that the added frequency term Φ(R)/N is independent on some quantum number, for example it is not multiplied by some integer I ∈ N. This choice is physically motivated by the fact that in our background the term Φ(R) is generated by quantum fluctuations from finite size effects that on general grounds are expected to generate an added frequency term dependending only on the radius R and on the collective presence of N massless excitations.
The next step is to study the possible expressions for the total internal energy U 1 as a function of R. As shown in [2, 3] , we could consider energy-density looking like 2 ρ = Br w , B ∈ R + . For the statibility of the configuration, we require w ≤ 0 and w > −3 for integrability. We can take U = c 4 2G K w R w+3 , K w ∈ R + . The black hole case can be obtained with w = −2. We can thus solve equation (11) . Since the homogeneous solution is proportional by a constant to 1/R and requiring that for Φ(R) = 0 (radiation) the solution is provided by (2), we obtain Φ(R) =
For a black hole (w = −2) condition (15) means that the active gravitational mass must be positive. In order to obtain a statistical description of the cosmological constant, we must consider the case with ρ = B, i.e. w = 0: in this case we have γ > −1.
As a consequence, the case suitable for the cosmological constant γ = −1 is forbidden. However, it is also remarkable that macroscopic configurations vith γ ∈ (−1, 1 It is important to note that we fix the expression for the total internal energy U and not the one for U (0) : in practice we calculate the total frequency ω needed to obtain a γ-linear equation of state for a given expression of U (R).
2 In practice for massless excitations we consider ρc 2 = dE dV , see [2, 3] . 3 In a cosmological context, Friedmann cosmologies with γ < − 1 3 lead to accelerating universes.
It is interesting to note that, according to the reasonings present in [36] , the dark energy configuration can be obtained in the extreeme limit for T → 0, i.e. U (0) → 0. By inspection of (4), we see that the feasibility of this limit depends on the behavior of N . In practice, bosons must condensate in the state at T = 0. Apart from this interesting possibility that can be matter of future investigations, we are interested, in line with the research in [2, 3] , to find suitable physically motivated expressions for the internal energy U (R) that are capable to depict macroscopic finite configurations supporting a dark energy-like content within. This task will be accomplished in the next section.
Building macroscopic dark energy spheres
In order to modelise dark energy expressed in term of a positive cosmological constant Λ, we consider the case ρ = B. In terms of the internal energy we have
This case has been partially analysed in [3] . In order to obtain a dark energy equation of state with 4 we can write Λ = 3K 0 . As shown in [3] , to get the equation of state with γ = −1 (or with γ < − 1 3 ), Planckian effects must been introduced. In particular, if we suppose possible quantum corrections due to finite size effects, one can assume a quantum spacetime structure [30, 31] : physically motivated spacetime uncertainty relations can be obtained [30, 32] (see also [33] for the cosmological case) that after assuming spherical symmetry (the same of the spherical box) become
where ω denotes a generic quantum state and L P the Planck length. From the time-energy uncertainty relation we have ∆ ω E∆ ω t ≥ 2 . The minimal uncertainty (i.e. maximal localizing gaussian states [30] satisfying the (17)) is obtained with states such that c∆ ω t ∼ ∆ ω R and as a result ∆ ω E ∼ 1/R. As a consequence of these reasonings, a physically motivated expression for the total modified internal energy U is
4 Here we used the expression
= ρΛ to mimic the cosmological case, but our reasonings in this paper concern a static background.
Note that in the (18) we have left open the possibility that K 1 < 0. After inserting the (18) in (11) with γ = −1, for Φ(R) we obtain
where R 0 is an integration constant with the order of magnitude to be discussed. Condition (12) thus becomes
It is worth to be noticed that only in the dark energy case with γ = −1, terms proportional to K 0 in (18) and (19) have the same coefficient and as a result condition (20) is independent from K 0 : this fact further indicates that the case γ = −1 is indeed a very exceptional intriguing case. Equation (18) means that the classical expression for the internal energy U ∼ R 3 (i.e. ρ ∈ R + ) is corrected (dressed) by quantum effects. From time-energy uncertainty relation combinated with (17), we expect that
Note that the term proportional to K 0 in (19) is due to the term ∼ R 3 in (18), while the one proportional to K 1 is due to the quantum correction in (18): we expect that at the order of the Planck length the two contributions are at least comparable, i.e.
, with s of the order of unity. Conversely, for R >> L P the term proportional to K 0 will be the dominant one. Moreover, for the physically motivated reasoning above, we expect that the term proportional to K 1 , i.e. in (19) has a maximum near the Planck regime: since this term has an absolute maximum for R = eR 0 , we thus expect that R 0 = sL P . In the next subsections we analyse both cases with K 1 > 0 and K 1 < 0.
The case with K 1 > 0
For this case, from the (18) obviously we have U (R) > 0. Condition (20) with R 0 = eL P is satisfied for R < esL P . Hence, according to the partial study of [3] , a maximum allowed value for R of the order of the Planck length does arise and as a consequence only microscopic configurations can be obtained. We have restricted our considerations to the important case of the cosmological constant, but similar restrictions can be found for γ < − 
The case with K 1 < 0
In the case K 1 < 0, obviously condition (20) it gives R > esL P . However, further conditions must be imposed. First of all, the internal energy is required to be positive: U (R) > 0: this condition does imply that
Since from the computations below equation (20) we have (21) implies that R > sL P that in turn is implicated by R > esL P . As a further resctrictive condition that can be imposed 5 is Φ(R) > 0:
After denoting
P with δ < 1 and : condition (22) is thus satisfied provided that H(W m ) > 0 → 1 + ln(4δ) > 0 and as a consequence we obtain the solution δ ∈ 1 4e , 1 . These computations show that also after imposing restrictive conditions, we can build dark energy macroscopic configurations.
Summarizing, classically we can obtain macroscopic dark energy-like configurations with ρ = B ∈ R + only in the range γ ∈ −1, − 1 3 . The cosmological constant case Λ, with energy density ρ Λ given by ρ Λ = c 2 Λ 8πG , together with k 0 = Λ 3 , can be obtained only when Planckian effects are considered. These quantum effects can be phenomenologically understood as producing an extra term to the energy density U/c 2 looking like K 1 /R. For K 1 > 0 only Planckian configurations are possible, while with K 1 < 0 also macroscopic configurations with R >> L P are available. It is thus interesting to ask if this extra term can be depicted in terms of a modified (constant) energy density. The answer is affirmative. In fact, we can consider the density ρ Λ = c 2 Λ 8πG = B as a 'bare' mass-energy density. After that quantum effects are taken into account, we have a 'dressed' cosmological constant Λ with a 'dressed' constant energy-density ρ Λ = B with
5 This is a sufficient but not necessary condition ensuring that U (0) + Φ(R) > 0, with U (0) given by (4) .
Note that equation (23) indicates that the dressed cosmological constant Λ is a function of the proper areal radius R.
The considerations above clearly show that, in order to obtain a physically motivated statistical description of the cosmological constant Λ, quantum reasonings motivated by a possible quantum nature of the spacetime, at least at a 'phenomenological' level, may be of great importance: this fact is a strong indication of the quantum origin of Λ.
The black hole case
In the black hole case, as analysed in [3] with γ = −1, the internal energy is (we have rescaled K 1 of section 4 by the Planck length L P )
The case with K > 0 has been studied in [3] . As a result of this study, only dark energy configurations of Planckian size are possible. However, we can ask if this result is changed by considering K < 0 as done in section 4. First of all, the condition U (R) > 0 implies that R > |K|L P . After denoting again with R sL P = W , the condition (12) becomes:
Function F (W ) has a maximum at W m = 2|K| and is positive ∀W ∈
. Thanks to the discussion of section 4 regarding K 1 we expect s and K of the order of unity. As an example, for s ∼ 1, we obtain: for
These computations clearly show that, according to [3] , black hole with interior composed of a cosmological-like equation of state can only exist at Planckian scales.
Our method in an astrophysical context
In the section above we have considered in detail the case of dark energy expressed in terms of the cosmological constant Λ. However, note that several self-gravitating physical systems could be addressed with the same technique depicted by formula (11) .
The presence of the term Φ(R) is motivated by quantum fluctuations. It is thus interesting to compare our approach with other ones where modifications to the Einstein's equations are proposed. As a first example, in [37] , the authors considered the modification to the Newtonian potential in the f (R) gravity context in order to study a statistical system of N particles representing galaxies. As a result they obtain a modification of the usual internal energy in the form U = 3N k B T 2
(1 − 2β), where β is the clustering parameter with embedded the f (R) gravity contribution. Moreover, the equation of state becomes P V = N K B T (1− β). In this paper we considered massless excitations and the expression for U for large radius configurations is U = N K B T + Φ, while in [37] massive particle are considered. In any case, the physical interesting analogy is that also in our case the quantum fluctuations induced from finite size effects act modifying the internal energy by an added term provided by Φ. It is thus interesting to ask what happens if the calculations present in [37] are redone for a massless cluster of particles in the f (R) context. This could be matter for future investigations. Also note that, in order to consider more general equations of state than the γ linear one, we can easily modify the formula (11) in the following way:
with the general equation of state P V = F (U ) + G(R): after posing ρ = U/V , we can obtain a general barotropic equation of state with a further term added depending from R, i.e. P = Q(ρ) + G(R)/V . A possible application of the (26) can be in the modeling of the core of neutron or very massive stars, where a more complicated expression for F (U ) is expected than the one given by the γ linear case. In a cosmological context for the dark energy, insted of the usual equation of state with γ = −1 more general ones can be considered (see for example [38] and [39] ). As an example, in [38] the equation of state p = −ρ − Aρ α − BH 2β , with {A, α, β} ∈ R and H the Hubble parameter, is proposed. Also the so called quadratic one [40] is studied in [38] . All these proposed equations of state can be easily obtained within our approach and the theorem proved with the (11) can be generalised with the formula (26) instead of the (11) . To obtain the case in [39] , we can choose F (U ) = 0 and G(R) ∼ ln(V ) = ln(R 3 ). The reasonings above show that our approach is rather general and can be an useful tool to investigate several interesting self-gravitating systems.
Conlusions and final remarks
In paper [3] we ask to the following question: what is the discrete spectrum that trapped massless gravitons within a confining box should have in order to have a γ-linear equation of state ? In other words, we start from a given expression for the internal energy U (R) suitable for a given chosen physical model and we found the frequencies spectrum that massless gravitons must have in order to give a γ-linear equation of state. In turn, thanks to finite size effects, we depict at a phenomenological level a possible quantum mechanism transforming a radiation field in a dark energy one. Althought the trapping procedure for gravitons in a box is a debated and controversial question (see the introduction of [1] and references therein), we expect that gravitons can be trapped within the event horizon of a black hole. In this paper we extend the results present in [3] to a generic starting ensemble of N massless excitations with angular frequency ω 0 given by (2) within a given spherical box, not necessarily a black hole. We have found that, starting with a radiation field of massless excitations, there exists a smooth differentiable function Φ(R) such that the freqeuncy ω = ω 0 +
Φ(R)
N depicts a fluid with a γ-linear equation of state and with a given internal energy U (R), provided that equation (11) with condition (12) are satisfied. From a physical point of view, we may suppose that quantum gravity effects due to finite size effects change the frequency spectrum of the radiation inside by a quantity depicted by Φ(R). In this regard, Φ(R) is the energy added to make this change in frequency and the term Φ(R)/N is the 'mean' value received from any massless excitation. In practice, massless excitations acquire an 'effective' mass term depending on Φ(R)/N : for large values of the areal radius R, this effective mass is expected to be negligible. Our approach is 'phenomenological' and does not require an underlying quantum gravity theory.
In this paper we focused our attention to the study of dark energy configurations with constant positive energy density within a box, i.e. the case of a positive cosmological constant. In section 4 we have shown that also under very restrictive conditions, it is possible to obtain macroscopic configurations with massless excitations where a statistical description of the cosmological constant emerges, provided that corrections to the internal energy loooking like 1/R and motivated by quantum fluctuations are introduced. It is worth to be noticed that our treatment does not require an underlying quantum gravity theory. In this regard, our approach is 'phenomenological' and the physical effects depicted are expected, on general grounds, to be included in a more general quantum gravity theory.
From the point of view of general relativity, we may think to a sphere filled with a positive cosmological constant (de Sitter) given by
The exterior metric for r > R is given by the Schwarzschild one. Continuity of the first fundamental form requires that the ADM mass M must satisfy the equality M = c 2 R 3 Λ 6G , in agreement with the computations of section 4. Obviously, the continuity of the second fundamental form cannot be accomplished and as a result we have a distributional source on r = R. This distributional source can be composed, for example, of anti de Sitter (Λ < 0) cosmological constant acting as a confining material 6 . In practice, also a cavity trapping the massless excitations inside can work. Details of this cavity are not relevant for the results of this paper.
As a final consideration, note that in this paper we considered an expression for U (R) looking like U (R) ∼ R 3 : this behavior lead to an energy density ρ = B. Unfortunately, this behavior, after solving the (11) , it gives models with γ > −1, thus excluding the cosmological constant case with constant energy-density Bc 2 and γ = −1. To obtain the important case of a cosmological constant, motivated by possible effects expected at Planckian scales, we must add a term proportional to 1/R to U (R) (expression (18)). As a result, macroscopic configurations are also possible under rescrictive hypothesis. In formulas, the internal energy U (R) (18) does imply an effective (dressed) cosmological constant Λ, namely equation (23) , given by
Physically, Λ can be interpreted as an 'interacting' cosmological constant: after that Planckian effects are taken into account, the bare cosmological constant Λ 0 is dressed by quantum fluctuations. This interpretation is reminescent of renormalization group techniques applied to the cosmological constant. In fact, as shown in [41] , after applying renormalization group techniques to a Friedmann flat universe equipped with a non-vanishing positive cosmological constant Λ 0 , an effective running cosmological constant does appear Λ(H), where H(t) is the Hubble rate:
where {c 0 , ν 1 , ν 2 } are constants characterazing quantum-particle calculations. In terms of the Hubble radius (apparent horizon) R h = 
Although formulas (28) and (30) have been obtained in different contexts (static and Friedmann respectively), the analogy emerges. In (28) the term 1/R 4 is a consequence of the term ∼ 1/R in U , while the term Λ 0 is due to the one ∼ R 3 . Suppose now that the machinery used in this paper is extended sic simpliciter to a Friedmann flat universe. If we assume as internal energy the Misner-Sharp [42] mass-energy M ms c 2 , then exactly at the Hubble horizon [43, 44, 45 ] R h we have M ms c 2 = U (R h ) = c 4 R h 2G and as a result the term ∼ 1/R 2 h arises since ρ Λ ∼ 1/R 2 h with Λ ∼ 1/R 2 h : in this way we obtain a cosmological constant of the same order of magnitude of the one actually observed. This is certainly an encouraging starting point.
